This paper theoretically and empirically investigates the connection between portfolio theory and ordering theory. In particular, we examine three different portfolio problems and the respective orderings used to rank investors' choices: (1) risk orderings, (2) variability orderings and (3) tracking-error orderings. For each problem, we discuss the properties of the risk measures, variability measures, and tracking-error measures, as well as their consistency with investor choices. Finally, for each problem, we propose an empirical application of several admissible portfolio optimization problems using the U.S. stock market.
Introduction
Stochastic dominance rules have been always used to justify the reward-risk approaches proposed in portfolio literature.
1 Moreover, several behavioral finance studies have tried to characterize investors' behavior and preferences. 2 In these studies, we can define a particular ordering for investors' choices for any characterization of the preferences of investors. Most of these researchers suggest that investors prefer more than less and are neither risk averters nor risk lovers. As an alternative to these behavioral finance studies, we want to evaluate the impact of different ordering preferences on the portfolio selection problem.
With these purposes in mind, we review several single-period portfolio problems proposed in the literature, 3 emphasizing those which are computationally simple (portfolio problems that can be reduced at least to convex programming problems) for different categories of risk measures, variability measures, and tracking-error measures.
Portfolio selection problems can be characterized and classified based on the motivations and intentions of investors. We generally refer to reward-risk problems as problems in which investors weigh the advantages and disadvantages of a choice by optimizing a probability functional that considers both reward and risk measures. 4 Similarly, we refer to target-based approaches (or tracking-error type portfolio problems) when investors want to optimize the distance of their choice relative to some financial benchmarks. Moreover, in other cases it could be as important to optimize a measure of randomness for a given portfolio in order to maximize the returns of the portfolio choices. In all these portfolio selection approaches, we rank the different investor preferences. Hence, ordering theory provides some intuitive rules that are consistent with expected utility theory under uncertainty conditions.
The first macro-classification we consider is between risk orderings/measures and variability orderings/measures. According to Holton (2004) , we should use operational definitions of risk and uncertainty measures which are derived by investors' perception of risk and uncertainty. Moreover, the definition of risk has to take into account two essential components of observed phenomena: exposure and uncertainty. This is in stark contrast to the Knightian definition of risk and of uncertainty where a the theory of probability functionals for various portfolio selection problems. Second, we discuss the computational complexity of selection problems which are consistent with investor's preferences and compare their performance on the major U.S. stock markets.
Thus, we try to answer the following questions:
• What are the "right" preference orderings to be used?
• How can we design some practical large-scale portfolios optimization problems for various preference orderings?
• How in practice can we value the impact of these portfolio optimization models?
Regarding the first question, we want to characterize the investor's behavior. In this context, several utility theory and behavioral finance studies have either analyzed the individual risk profile 10 or proposed alternative solutions to different observable patterns of investors' behavior. 11 In this paper, we do not analyze the decision maker's risk profile, but instead discuss three specific portfolio selection problems characterized by different investors' preferences. Moreover, since there is a heated debate on the computational complexity of portfolio problems, 12 we address the second and third questions by proposing linearizable portfolio problems consistent with new potential orderings. Specifically, we propose solutions to the following three problems:
1. Consider an investor who wants to outperform a benchmark by taking into account the distributional characteristics of portfolio returns. Here, we use a risk ordering among portfolios by taking into account its performance relative to the benchmark. An investor should choose the appropriate ordering for this active tracking-error strategy.
2. Consider an investor who wants to maximize profits by trading a portfolio of put and call options on some asset class indexes. Option pricing theory tells us that if an investor maximizes the volatility of the underlying log-return indexes, the investor's opportunities to exercise the options are implicitly optimized. In this case, an investor wants to solve an optimal portfolio problem that uses a variability ordering on the underlying log-return indexes taking into account proper distributional characteristics of the portfolio of derivatives.
Finally, we evaluate the performance of the proposed portfolio problems, based on the performance of U.S. stocks during the recent crisis years [2007] [2008] [2009] [2010] . Since the number of observations needed to perform a robust analysis is too small with respect to the number of stocks, 18 we reduce the dimensionality of the problem by preselecting the first 150 stocks from the universe of stocks we study with the greatest returnrisk ratio 19 and then reduce the dimension of the problem by applying a principal component analysis (PCA) to the Pearson correlation matrix of the preselected stock returns. By doing so, we offer an ex-post comparison between the different portfolio selection problems. For investors who want to outperform a benchmark (or seek to track a benchmark), we solve different portfolio problems of typology 1 (or 3). In this case, we compare the ex-post wealth obtained by investing in the optimal solutions of the different portfolio problems of typology 1 or 3. In order to value the ex-post impact of portfolio models of typology 2, we price European options by means of the Black-Scholes model using the historical observations of stock returns. As an experiment, we create out-of-the-money puts and calls and preselect those options with the greatest reward-risk ratio. This first experiment is not based on real data of options and serves only to evaluate the impact of typology 2 portfolio models for investors who trade portfolios of the preselected European derivatives in a "Black and Scholes world". As a further confirmation, we compare the option portfolio model assuming that whoever invests in a portfolio of call options expects the prices of the portfolio of underlying stocks to increase. Thus, for all call options chosen, we compare the ex-post wealth obtained by investing in those underlying stocks.
The paper is organized as follows. In Section 2, we derive practical reward-risk models based on measures consistent with the most common risk orders. In Section 3, we describe the practical portfolio selection problems associated with variability orderings and tracking-error measures and orderings. In Section 4, we first introduce a preliminary analysis of our dataset and illustrate how we empirically compare the different models that have been proposed. Second, we empirically compare the portfolio problems consistent with different risk orderings. Finally, we compare portfolio selection problems which are consistent with variability orderings and with tracking-error orderings. The last section summarizes our contribution.
Practical Reward-Risk Portfolios that are Consistent with Risk Orderings
In this section, we discuss the first typology of one period portfolio models explained in Section 1. In particular, we examine mean-risk portfolio selection problems that are consistent with the most commonly used risk orderings in the finance literature, such as, stochastic dominance orderings, inverse stochastic dominance orderings, and behavioral finance orderings. Clearly, large part of the following discussion could be also extended to a dynamic framework using proper dynamic reward and risk measures. 20 We
and of the benchmark ,
Practical Portfolio Selection Problems Consistent with Stochastic Dominance Orderings
Recall that X dominates Y with respect to the α stochastic dominance order X Y α ≥ (with α 1
for all u belonging to a given class U α of utility functions. 21 Moreover, the derivatives of u satisfy the inequalities . In particular, first-degree stochastic dominance (FSD) (that corresponds to α =1) is an ordering of preferences for non-satiable agents while second-degree stochastic dominance (SSD) (α =2) is an ordering of preferences for non-satiable risk-averse investors. Moreover, we refer to α bounded stochastic dominance order between X and Y (namely, Levy (1992) and Fishburn (1976 Fishburn ( , 1980 , Ortobelli et al. (2009b) , and the references therein. 
min min ' , max min ' 
. In order to find in a mean-risk space the optimal portfolios that are nondominated with respect to α stochastic dominance order for 1 α > for a given mean equal to or greater than m and a parameter ( )
, one must solve the following optimization problem with linear constraints:
In particular, in order to obtain optimal choices for non-satiable risk-averse investors, we solve the previous linear programming (LP) problem for 2 α = . All the optimal choices consistent with an α -stochastic dominance order (with 2 α > ) can be obtained as a solution of a linear problem. This is always possible since we can apply the following fractional integral property 22 for any 1 v α > ≥ :
Therefore, if 2 α > and
22 See Fishburn (1976 , 1980 . Moreover, as suggested by Ortobelli et al. (2009b) , formula (2) can be used for different characteristic functionals 
Practical Portfolio Problems that are Consistent with Inverse Stochastic Dominance Orderings
As an alternative to classic stochastic orders, we can use the dual (also called inverse) representations of stochastic dominance rules.
24 Namely, we say X dominates Y with respect to α inverse stochastic dominance order X Y α − ≥ (with α ≥1) if and only if for every
when α >1, and
is the left inverse of the cumulative distribution function F X . In this case, 
is the absolute Lorenz curve (or absolute concentration curve) of stock X with respect to its distribution function interpretations and are widely used in the recent risk literature. In particular, the negative absolute Lorenz curve divided by probability p is a coherent risk measure in the sense of Artzner et al. (1999) that is called conditional value-at-risk (CVaR), or expected shortfall, (or average value-at-risk) 26 and is expressed as
where the optimal value u is
. As a consequence of equation (5), Pflug (2000) demonstrated that we can minimize CVaR for a fixed mean by solving a LP problem and that coherent risk measures using specific functions for the Lorenz curve can be easily obtained. In particular, we observe that some classic Gini-type measures are coherent measures. By definition, for every 1 v > and for every (0,1) β ∈ we have that ( ) for a given integer s T ≤ , then by using equation (5) we can linearize its consistent estimator 
for a given mean equal to or greater than m.
Other typical coherent measures are the spectral measures proposed by Acerbi (2002) . Any spectral
is a coherent risk measure identified by its risk spectrum φ that is an a.e. Moreover, using equation (5) we can always find the optimal choices consistent with a φ -spectral ordering by solving a LP problem.
Practical Portfolio Selection Problems that are Consistent with Behavioral Finance Orderings
The first behavioral orderings introduced in the finance literature are those orderings that were deduced from Markowitz' studies on investors' utility (referred to as Markowitz orderings) and the orderings based on prospect theory (referred to as prospect orderings). 28 Choices consistent with these orderings are optimal for non-satiable investors who are neither risk-averse nor risk-lovers. According to the definition of prospect ordering given by Levy and Levy (2002) , X dominates Y in the sense of prospect theory ( X P SD Y ) if and
A consistent estimator of
and we get non-dominated portfolios with respect to the prospect theory order minimizing '
According to the definition of Markowitz orderings given by Levy and Levy (2002) , we can say that
X dominates Y in the sense of Markowitz order ( X M SD Y ) if and only if for every ( ,0] y∈ −∞
28 See Markowitz (1952) , Tversky and Kahneman (1992) , and Levy and Levy (2002) .
X Y m a y aE y X a E X y m a y
In this case, we obtain optimal portfolios in the sense of Markowitz ordering by solving the following portfolio problem in a mean-risk space:
for different values of ( ,
and a given mean equal to or greater than m. We now introduce many new kinds of behavioral finance orderings associated with the aggressive-coherent functionals 
Similarly we can define spectral type behavioral finance orderings using spectral measures.
Observe that we cannot linearize the portfolio problems consistent with the proposed behavioral finance orderings because the probability functionals ( , )
X m a y , and 1 2 ( , , ) X S a t t are defined as the difference of two convex non-linear probability functionals. We deduce that by minimizing these functionals we can get local optima and the computational complexity of these portfolio selection models is a common problem for all previously proposed models consistent with behavioral finance 29 See Artzner et al (2000), and Ortobelli et al. (2009b) .
orderings.
Portfolio Problems Consistent with Convex-Type and Tracking-Error Orderings
We now present one period portfolio selection problems where investors optimize the variability (as in example (2) in Section 1) or track a benchmark as closely as possible (as in example (3) in Section 1).
Moreover, we clarify the link between orderings theory and probability distances/metrics theory. 30 Even in this context we could extend our analysis to a dynamic framework using proper dynamic variability measures. 
Practical Portfolio Problems Consistent with Convex-Type Orderings
Probably the most well-known variability ordering in financial economics is the concave ordering commonly referred to as the Rothschild-Stiglitz (R-S) ordering. 32 We say that X dominates Y in the sense of 
( , ) :
. Generally, we refer to 
where 30 The theory of probability metrics is presented in Rachev (1991) and Rachev et al. (2012) . For applications of probability metrics to finance, see . 31 See, for example, Ruttiens (2013) and for further discussions Szegö (2004) . (11) and (12), we obtain the classic R-S order. By changing the parameters in (11) and (12), we also obtain variability measures that are consistent with the respective R-S type orderings. For example,
gives one fourth of the variance of X, which is obviously a variability measure. Since for all these orderings we assume 1 2 , 2 α α ≥ , the associated functionals satisfy the convexity property and they can be easily linearized when we minimize their consistent estimators for 
where
, and M is large. It is well known that there exists a closed-form solution to the mean-variance portfolio problem when unlimited short sales are permitted. However, the mean-variance problem does not allow for a closed-form solution with no short sales and, thus, the linear optimization portfolio problem (13) suggests an improvement of the computational complexity of the mean-variance portfolio problem.
We now propose a variability measure to solve problem (2) from Section 1. To do this, we use the variability measure to optimize the choice between n European options on n indexes with log-returns
We assume that European calls and puts at time t with maturity s, riskless r f , are priced according to the Black-Scholes option model. In other words, the prices of European calls and puts on the i-th asset at time t are given by: 
where R Q is the variance-covariance matrix of the vector of option returns
For this problem,
we maximize the variability of the log returns portfolio subject to the Sharpe ratio of option returns being equal to or greater than m for some appropriate skewness and kurtosis levels ; 1, 2
Alternatively, we can solve the following problem associated with the 1 2 ,
.
In many portfolio selection problems some concentration measures have been used to measure the variability in choices. The classical example is Gini's mean difference (GMD) and its extensions related to the fundamental work of Gini. 34 GMD is twice the area between the absolute Lorenz curve and the line of safe asset joining the origin with the mean located on the right boundary vertical. The most frequently used representations are:
where X 1 and X 2 are two independent copies of variate X. GMD depends on the spread of the observations among themselves and not on the deviations from some central value. Consequently, the measure relates location to variability, two properties that Gini himself argued are distinct and do not depend on each other.
Although the Gini index, i.e. the ratio (2) ( ) X E X Γ , 35 has been used for the past 80 years as a measure of income inequality, the interest in GMD as a measure of risk in portfolio selection has only recently emerged.
36
In addition to GMD, we consider the extended Gini's mean difference 37 that takes into account the degree of risk aversion as reflected by the parameter v. This index can also be derived from the Lorenz curve as follows:
34 See Shalit and Yitzhaki (1984) and the references therein 35 In the income inequality literature, the Gini index is the area between the relative Lorenz curve and the 45° line expressing complete equality 36 See Shalit and Yitzhaki (1984) . 37 See Yitzhaki, (1983) and Shalit and Yitzhaki, (2010) .
From this definition, it follows that applications of GMD and its extension to portfolio theory was fostered by Shalit and Yitzhaki (1984) , who explained the financial insights of these measures. The use of Gini measures can be extended to the Gini "tail" measures (for a given β ) that are associated with a dilation order 38 :
( )
These measures can also be extended using 1 v > and the tail measure:
for some
. In this case,
(for every v>1) is the deviation measure associated with the expected bounded coherent risk measure , ( ) ( ) Thus we have generally to solve computational complex portfolio problems when we maximize variability measures.
Practical Portfolio Problems Consistent with Tracking Error Orderings
As shown by Stoyanov et al. (2008) , there is a strong connection between probability metric theory and portfolio theory. In this section, we recall some of the basic properties of probability distances that under r , k =1,…,T.
As explained in Section 1, investors want to reduce the distance to a given benchmark. Any probability functional µ is called a probability distance with parameter K if it is positive and satisfies the following additional properties: Therefore, for any probability metric µ , H µ is a probability distance with parameter H K . In this case, we distinguish between primary, simple, and compound probability distances/metrics that depend on certain modifications of the identity property (see Rachev (1991) Consequently, in passive strategies we minimize the tracking error functional X ρ associated with the µ -tracking error ordering. This is generally different from active strategies where investors want to outperform the benchmark and optimize a particular non-symmetric probability tracking error functional.
40
For active strategies, we also require that optimal portfolio reward measures be greater than the reward measures of the benchmark.
In essence, probability metrics can be used as tracking error measures. In solving the portfolio problem with a probability distance, we intend to "approach" the benchmark and change the perspective for different types of probability distances. Hence, if the goal is only to control the variability of an investor's portfolio or to limit its possible losses, mimicking the uncertainty or the losses of the benchmark can be done with a primary probability distance. When the objective for an investor's portfolio is to mimic the entire benchmark, a simple or compound probability distance should be used. In addition to its role of measuring tracking errors, a compound distance can be used as a measure of variability. 
Hence, µ . Following are some examples of compound metrics, the associated concentrations, the dispersion measures, the tracking error orderings, and the associated practical portfolio problems.
Examples of Probability Compound Metrics
For each probability compound metric we can generate a probability compound distance ( ) 
v r x r u v t u k T
which is linear when p = 1 and convex when 1 p > .
(ii) Ky Fan metrics:
, the respective concentration measures are
, while the associated dispersion measures are 
On the other hand, investors who choose portfolios consistent with this 2 k tracking-error ordering should minimize the consistent estimator ,2 ( )
Generally, when we use the compound metric/distance as dispersion/concentration measure
is either a functional of X or an independent copy of X), we obtain a tracking-error measure between X and Z using ( ,
, which have been used in the portfolio literature.
41
Moreover, even simple probability distances can be used as dispersion measures and tracking-error measures, but, generally not as concentration measures. As a matter of fact, when we apply any simple
median or a percentile of X, if the first moment
is not finite), we obtain ( ) ( , ( )) 0
Thus, we refer to
as a dispersion measure derived by the simple distance µ . As for compound metrics, we can generate a simple probability distance ( ) 
. This metric 41 See for example, Stoyanov et al. (2008) .
was introduced by Zolotarev for q=1 and extended by Rachev (1991) 
tracking error ordering, we provide the tracking-error measure
, a consistent estimator of ( )
The dataset and the methodology for large-scale selection problems
To test whether stock returns follow a normal distribution, we compute the Jarque-Bera statistic for normality (with a 95% confidence level). The Gaussian assumption is often justified in terms of its asymptotic approximation. This can be only a partial justification however, because the Central Limit 
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These casual empirical findings indicate a very strong impact of heavy tails in this dataset. Moreover, since the number of stocks exceeds the number of observations, to get a good approximation of the portfolio input measures, it is necessary to find the right tradeoff between the number of observations and a statistical approximation of the historical series. 43 In particular, we use two techniques to reduce the dimensionality of large scale portfolio problems: preselection and PCA. With preselection, only a limited number of stocks is chosen before optimizing the portfolio. For each optimization problem, we preselect the first 150 stocks that present the highest Rachev ratio for probability p = 0.05. The Rachev ratio is measured as follows:
where X is the variate and
is the conditional value-at-visk or expected shortfall. 45 We employ the Rachev ratio because the portfolios that maximize this reward-risk performance measure generally present higher earnings, a positive skewness, and lower losses. 46 Moreover, the Rachev ratio is based on the values of the return distributional tails and it has been often used to preselect stocks in momentum portfolio strategies.
47
We compute the statistics of the log-returns of the 150 preselected stocks using a moving window of data, where the preselected stocks can change every 20 trading days. In particular, we compute the average statistics using the last six months of daily observations for every 20 trading days from June 23, 2007 to September 25, 2010. Since the 150 preselected stocks are not always the same for all the observation periods, then the whole number of preselected stocks is ,1,991 from among the 2,983. Hence, we guarantee a substantial portfolio turnover since on average, for every 20 days, there are more than 48 new preselected stocks classified as having the best Rachev ratio. For any preselection, the log returns of the preselected stocks present on average higher skewness, higher earnings (the maximum), and lower losses (the minimum) than those of the entire dataset. This is observed in Table 1 where we report for the preselected stocks and the entire dataset, the average statistics over time.
When we compare the statistics of the entire dataset and the statistics of the preselected stocks, we can observe that the mean of the preselected log-returns on average is about 100 times that of the entire dataset even if the preselected log-returns exhibit heavier tails. Thus, it is not surprising that for the preselected log-returns normality is rejected for about 85% of the stocks, whereas the stable Paretian hypothesis is rejected for about the 17%. Furthermore, both percentages observed for the preselected logreturns are higher than those observed for the entire dataset (that include even all the assets which are not preselected). Therefore, our analysis serves as a form of stress testing of alternative portfolio selection models for non-Gaussian leptokurtic returns with positive skewness. Step 1 Preselect the first 150 stocks with the highest Rachev ratio. Apply the PCA component to the correlation matrix of the preselected stocks. Then apply the factor model using the first 20 principal components to approximate the variability of the preselected returns.
Step 2 Determine the optimal portfolio ‫ݔ‬ҧ ሺሻ that has the proportions invested in each of the preselected stocks for the period [t k , t k+1 ].
Step 3 During the period [t k , t k+1 ] (where t k+1 = t k +20) recalibrate the portfolio daily by maintaining the proportions invested in each asset that are equal to those in the optimal portfolio ‫ݔ‬ҧ ሺሻ . The expost final wealth is given by:
is the vector of observed daily gross returns for the period
. These returns are given as The three steps are repeated for all the optimization problems for all available observations. To evaluate the impact of preselection and the classic portfolio strategy, we compare the ex-post wealth from the two strategies on pre-selection: One is a "Uniform" strategy where at each time we invest 1/150 in each of the 150 preselected stocks and the second is a "Sharpe" strategy that maximizes the Sharpe ratio for every month. There are several papers 49 that provide a justification for the use of the "Uniform strategy"
(also called "naïve strategy"). For the Sharpe strategy, we solve the following problem for every month: These two crises have a strong impact on the preselected stocks. The U.S. sub-prime mortgage crisis appears to have had a stronger impact than the U.S. credit crisis.
2. There are no substantial differences between the two strategies (Uniform and Sharpe). At the end 49 See, among others, DeMiguel et al. (2007), and Pflug et al. (2012) of the period, these strategies yield practically the same initial capital (1.02 and 1.03 for the Sharpe and Uniform strategy, respectively). With these strategies, a little loss would have been realized had transaction costs been considered.
3. At the end period, all the U.S. market indices show large losses. In particular, from an initial wealth of 1, we get 0.74 for the NYSE Composite, 0.76 for the S&P500 Index, 0.92 for the NASDAQ Composite, and 0.81 for the DJIA. Since the two portfolio selection strategies outperform the market indices, we have a further justification for searching for better performing portfolio strategies.
4. Figure 1b -A shows the changes to the portfolio composition for the Sharpe strategy. As can be seen, these proportions change significantly over time and thus there is good diversification for each optimal portfolio.
5. Figure 1b 
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Empirical Comparison of Portfolio Selection Problems that are Consistent with Risk Orderings
To compare the different models that are consistent with risk orderings, we use the methodology and the dataset from Section 4.1 and evaluate the portfolio problems from Sections 2.1, 2.2, and 2.3. As in Section 4.1, we assume that the benchmark Y r is not allowed. To solve the portfolio problems that could exhibit more local solutions which are not necessarily global, we adopt the heuristic approach proposed by Angelelli and Ortobelli (2009) .
We use a window of six months of daily observations and optimize the portfolio every month from June 23, 2007 until September 25, 2010 . Then we recalibrate the portfolio daily by keeping the proportions invested in each stock constant. We assume that no short sales are allowed and no single stock carries more than 5% (i.e. 0 0.05
). Since the portfolio is optimized monthly we constrain the empirical mean not to be lower than 10% (i.e., in the previous problems m = 0.1) as there are always more than 20 stocks among the preselected ones that satisfy this requirement and the optimization is always feasible.
For the portfolio problems from Sections 2.1 and 2.2 we consider portfolio selections that are consistent to α stochastic dominance and α inverse stochastic dominance orderings with values ≥ orderings) do not offer substantial differences but appear to be more conservative (as they lose less) than those strategies that are consistent with stochastic dominance orderings ( α ≥ orderings). As expected, the strategy with α = 1.5 appears to be the most aggressive that loses more during the crisis but recovers speedily. This is why this strategy yields the highest final wealth. Figure 2a also shows that the most prudent behavior of strategy of α = 2.5 gives a higher wealth during several periods when we consider portfolio selection problems that are consistent with stochastic dominance orderings.
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Among the portfolio problems discussed in Section 2.3, we now analyze the selection models consistent with Markowitz stochastic orderings, prospect stochastic orderings, and a particular aggressivecoherent stochastic ordering. We minimize the functionals (defined in Section 2.3) as follows: For these portfolio problems we optimize functionals that admit more local solutions which are not necessarily global. Hence, in order to obtain any single optimum (with the heuristic for global optimization),
we need at the same time to preselect 150 stocks and to apply the PCA. is reached, the number of preselected assets is small and, in several cases, is the minimum allowed (20 stocks). Except for this strategy, all other strategies diversify well between the preselected assets and exhibit a significant portfolio turnover.
Comparing Portfolios Consistent either with Convex-Type or Tracking-Error Orderings
We now compare between the different models presented in Sections 3.1 and 3.2. In particular,
implementing the algorithm and the dataset used in Section 4.1, we evaluate the impact of portfolios that are consistent with convex-type orderings and tracking error orderings. Since all the problems in this section have many local solutions which are not necessarily global, we solve the optimizations with an heuristic for global optimum. 50 As in Section 4.2, we use a window of six months of daily observations and optimize the portfolio every month by maintaining constant the proportions invested in each asset. We assume no short sales and that the allocation to any one asset will not exceed 5% (i.e., 0 ‫ݔ‬ 0.05).
To compare the portfolio problems of Section 3.1, we implicitly assume that the hypothesis of Black and Scholes is verified. The prices of European options are computed using the Black-Scholes model and the returns on these derivatives are computed as in Section 3.1. We preselect the "best" 150 derivatives (European calls and puts) whose returns present the highest Rachev ratio. Thus, every month the agent invests in a portfolio of European options. For each optimization, we use calls and puts that are two months of maturity and have out-the-money exercise prices being 1.03 and 0.97 times the actual prices respectively for calls and puts. We assume an annual riskless rate of 1% (the daily riskless rate is 0.01/250). This analysis serves only as a trial to value the impact of the models of typology 2 based on different concepts of variability for the following reasons:
1) We do not use the option prices of the market but we do compute the European option prices using 2) We can easily find European options for indexes but not for individual stocks. So, even if we use real stock prices in our computation, we cannot guarantee similar results as those obtained with
European options on indexes.
3) We use a large number of European options having the same following characteristics: a) They have same maturity of two months (40 trading days) and the same riskless rate over a long period; b) They are out-of-the money (3% more or less) options that are never exercised because every month (20 trading days) the portfolio is re-optimized using new options.
c) There are no transaction costs and no liquidity constraints.
For the problem discussed in Section 3.1, we maximize a variability measure of the underlying stock returns. Thus, to reduce the dimensionality of the portfolio problem we apply a PCA to the correlation matrix of the underlying equities and approximate the stock returns that are used to compute the variability measure. We consider portfolio selection problems that maximize one of the following variability measures: We solve the optimization problems similarly to (14) and (17) with the additional constraints on the weights ‫ݔ(‬ 0.05ሻ. As parameters q 1 , q 2 and m of problems (14) and (17) we use respectively the skewness, the kurtosis and, the Sharpe ratio of the derivative returns for a portfolio with equal weights (i.e.
we compute these statistics on the uniform portfolio , respectively. The model suggests that taking positions in calls and puts with the highest probability of exercise presenting thus the highest profit be taken. In a sense, the model considered here for this typology of problems seems to work quite well. All the strategies yield a very high wealth that is not comparable with the wealth obtained by investing in the various stocks. However, these outstanding performances with a portfolio of options are not so surprising considering the limits of our experiment and especially since no liquidity constraints are imposed. 51 To compare these choices in the stock market, we implicitly assume that whoever invests in a portfolio of call options expects that the portfolio of underlying stock prices will grow. Thus, for all call options chosen in the previous model we compare the ex-post wealth obtained by investing in those underlying stocks. By doing so, we obtain an alternative model for the portfolio selection in the stock market. Figure 3b reports the ex-post results for the three variability measures. As can be seen, there is a period during the sub-prime mortgage crisis where no calls have been preselected and investors lose less. Moreover, we observe very good performances of the models based on both the Gini measure and the dispersion measure
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To compare the portfolio problems described in Section 3.2, we consider as benchmark the upper
. This benchmark dominates the market in the sense that ' Y x r ≥ for any ∆ x∈ . Thus, any investor wants to minimize a distance from the upper market stochastic bound whose observations are simply derived from return observations (i.e., the observation at time t of Y is given by ܻ ௧ ൌ ‫ݔܽ݉‬ ௫ఢ ‫ݎ‪Ԣ‬ݔ‬ ௧ where r t is the vector of returns at time t). For the portfolio problems of Section 4.2, we propose to minimize either the Ky Fan compound metric k 1 (solving a problem similar to (19) with t=0) or the Zolotarev-Rachev simple metric ( )
with ߙ ൌ 1; 1.5 and q=2 (solving a problem similar to (20)).
Figures 3c reports the ex-post comparison of these strategies. The strategy based on the use of the Zolotarev-Rachev simple metric with ߙ ൌ 1.5 presents the best performance. Moreover, we observe that for all these strategies, the portfolio composition shows a substantial turnover and diversification similar to that observed for the Sharpe ratio maximization.
In order to consider a reward measure different from the mean, we propose maximizing the reward-"risk" functional where the reward measure is ‫ܧ‬ሺሺܺ െ ‫ݐ‬ሻ ା ሻ with t = 0.005 (as in Section 4.2), and the "risk" is represented by one of the variability (or tracking-error) measures used in the previous analysis. We propose optimization problems where we maximize either: a) a functional given by the sum of the reward measure and the variability measure (i.e., we maximize ‫ܧ‬ሺሺܺ െ ‫ݐ‬ሻ ା ሻ variability measure) for problems of typology 2, or ; b) the reward/(tracking-error) ratio for problems of typology 3.
For problems of typology 2, we compare the ex-post wealth obtained investing in the portfolio of stocks with the same weights of the optimal portfolio of call options chosen in the optimization model. Moreover, the reward functional ‫ܧ‬ሺሺܺ െ ‫ݐ‬ሻ ା ሻ is applied to the portfolio of the call returns for the portfolio problem of typology 2 and to the portfolio of the stock returns for the portfolio problem of typology 3. The computational complexity of the resulting optimizations is generally higher than the corresponding mean variability problems and more time is needed in the calculation of each optimal portfolio. At the end of the observed period the strategy based on the maximization of the functional ‫ܧ‬ሺሺ‫ݔ‬Ԣܴ െ ‫ݐ‬ ଵ ሻ ା ሻ ‫ܨ‬ ௫ᇱ ሺఈ భ ,ఈ మ ሻ ሺܾ, ‫ݐ‬ ଶ ሻ presents the highest final wealth (about 80% more). The other strategies such as reward variability (tracking error) exhibit a lower wealth than the corresponding strategies valued in the mean-variability (tracking error) framework. The results we get studying the portfolio turnover and diversification are analogous to the previous ones; in that we observe a substantial portfolio turnover and diversification for only the portfolio problems of typology 3.
Concluding remarks
There exists a strong connection between portfolio theory and ordering theory. In portfolio theory, investors express their preferences and choices among several random variables. Therefore, portfolio selection choices should be consistent with proper stochastic orderings that better represent investor's preferences.
Starting with this simple fact, we deduce that at least three fundamental aspects characterize the portfolio selection problem and its link with ordering theory: (1) the preference ordering of the admissible portfolio choices; (2) the description of portfolio selection problem consistent with the investor's preferences (generally using proper probability functionals); and (3) the practical application of the portfolio selection problem and its computational complexity.
We have demonstrated how to consider these three aspects for different typologies of portfolio selection problems. This is the original idea and the unifying objective of the paper. In particular, we show that portfolio selection problems are consistent with various types of orderings that could be either a risk ordering, a variability ordering, or a distance ordering. Thus, we have proposed several practical portfolio selection applications of ordering theory. By doing so, we have introduced new risk and behavioral risk orderings, new Gini variability orderings, and new distance orderings that can be used to better classify investor choices. Furthermore, we analyzed the proposed new coherent risk measures, variability measures, and tracking error measures based on probability functionals that are consistent with some stochastic orderings, as well as examining the computational applicability of the portfolio problems that arise from optimizing a risk measure, an variability measure, or a probability distance. We discussed the large scale portfolio problem analyzing both the computational complexity of portfolio selection problems and the techniques needed to reduce the dimensionality of the problem. Furthermore, for each appropriate ordering, we proposed several practical portfolio optimization problems that could be solved even for large portfolios when the choices used are consistent with risk orderings. This paper's empirical contribution involves an ex-post comparison between most of the proposed models applied to the US stock market during the sub-prime mortgage crisis and the credit crisis. In particular, we presented empirical evidence that suggests that the ex-post sample path of wealth obtained by applying the proposed portfolio problems outperforms the classical portfolio selection benchmark (the expost final wealth we get maximizing the Sharpe ratio) and different US market benchmarks (NYSE, Nasdaq, S&P 500, and DJIA). Moreover, for several optimization problems we observed that the optimal choices of non-satiable investors who are neither risk-averse nor risk-lover present a higher ex-post final wealth than the wealth obtained by non-satiable risk-averse investors. On the other hand, the optimal choices of the most risk-averse investors produced a higher ex-post wealth during the two financial crisis periods in our study. Finally, the empirical experiments with derivative assets show that the Black and Scholes model can be used to propose alternative portfolio selection models in both the options market and the stock market.
Several new perspectives and problems arise from this analysis. Since we can better specify portfolio optimization by taking into account the attitude of investors toward risk, we have to consider the ideal characteristics of the associated statistics and their asymptotic behavior. By using the theory of probability metrics, we can explain and argue why a given metric must be used for a particular optimization problem. 
